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Abstract—We consider the problem of finding a set of trajecto-
ries for a heterogeneous group of mobile robots, such that a single
service robot can rendezvous with every other member of the team
in a prescribed order, and the total travel cost is minimized. We
present a simple heuristic controller that runs independently on
each robot, yet is guaranteed to achieve an approximation to global
solution in bounded time linear in population size. Simulation ex-
periments empirically show that the method finds approximated
solutions of near-optimal quality on average.

Index Terms—Mobile robot motion planning, multirobot
systems.

I. PROBLEM DESCRIPTION AND CHARACTERIZATION

ONSIDER a team of worker robots that can recharge

by docking with a dedicated refueling (or equivalently,
recharging) robot called a tanker, as described in [1]. The tanker
robot could remain at a fixed location, acting as a conventional
charging station, or it could move to rendezvous with worker
robots. Simultaneously, worker robots can wait for the tanker to
come to them, or they can move to meet the tanker.

As a generalization, the following natural problem can be
stated: given a set of original locations of worker robots and
tanker, find the set of meeting points such that the tanker meets
every worker and minimizes the total energy spent on locomo-
tion. Alternative objective functions include minimizing total
rendezvous time, or a tradeoff between energy and time cost.
Here, we address energy efficiency only. By analogy to a mother
animal attending her offspring, we call this problem the “frugal
feeding problem.” If we impose a total order in which worker
robots must be met and charged (perhaps based on urgency
or some other priority scheme), we obtain the “ordered frugal
feeding problem” considered in this paper.

We model locomotion costs as the weighted Euclidean dis-
tance between the origin and destination. The weight models the
energetic cost of moving the robot some unit distance: a mas-
sive robot would have a higher weight than a small, lightweight
robot.

The ordered frugal feeding problem can stated formally as
follows.

Definition 1 (Ordered frugal feeding problem): Given orig-
inal tanker location r8 =py € R, original worker locations
r) € RY i =1,...,k, andlocomotion cost functions C; : R? x
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Here, Cy(x,y) gives the cost of tanker relocation from z to
y, C;(z,y) gives the corresponding cost for worker 7, and w; is
a weight of robot i.

Definition 1 could be amended to require the tanker to return
to its original location after attending all workers, perhaps to
refuel itself, without affecting the following analysis.

We denote solution points as p;. The possibility of several
robots being attended in one place is permitted, and captured by
the possible coincidence of some meeting points.

The Fermat-Torricelli problem (also called the Steiner—
Weber problem) asks for the unique point x minimizing the
sum of distances to arbitrarily given points z1,...,z, in Eu-
clidean d-dimensional space. Elaborating on the conventions in
the Fermat—Torricelli problem literature [2], we identify some
special cases of solution points as follows.

Definition 2 (Special cases for solution): If p; = 7“? for some
j >0, we will call p; worker absorbed. If p; = r{, we call p;
tanker absorbed. Otherwise, we call p} floating.

If the meeting point for worker ¢ is worker absorbed, worker 7
should either remain still and wait for the tanker to come to it, or
it should move to the location of worker j (i # j). If a meeting
point is tanker absorbed for worker ¢, the tanker should not
move, and the worker should drive to the original tanker location.
Floating meeting points do not coincide with any original robot
location. Finally, there may exist hybrid solutions that combine
absorbed and floating meeting points.

A. Analysis

The first observation to make is that solution points p; cannot
lie outside the convex hull of {r{,ry,73,...,7%}. This can be
seen by considering a candidate meeting point outside the hull:
replacing the candidate point with the closest point on the convex
hull will unambiguously decrease the value of the goal function.
Also, it is easy to prove the convexity of the objective function
defined by (1) and (2) (see, e.g., [3, p. 239] for the idea of the
proof).

Under certain conditions, we can quickly find solutions with-
out solving the general problem. We first show the sufficient
conditions for the worker absorbed case, i.e., where the meeting
point for a worker is at worker’s starting location.

Lemma 1: 1f w; > 2wy, then p; = . If w; > 2wy, then this
solution is unique.
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Proof: The components of the objective function in (1), which
depend on p;, are

gi(pi)=wo ||lpi—pi—1| + wollpiz1 — pil| +wilpi — ¥ |l. (3)

We can consider g; in isolation and show that g; (p;) > g: (1)
for p; # 1}

9i(pi) = wollpi — pi-1[l +wollpi1 — pill +willpi — 77|
> wollpi — pitll + wollpic1 — pill + 2wollpi — ||
= wo([|pi—pi1 | +|lpi = |+l 1 —pi | + [lpi = 771])
> wo(|lpir = r{ ||+ lpisr — 771l = g: ().

Here, the first inequality follows from the lemma statement and
second inequality is a pair of triangle inequalities. Note that
if the inequality in the lemma statement is strict, then the first
inequality in above is also strict. In this case, ) will indeed be
a unique optimal meeting point for robots 0 and 1. ]

Now we show the sufficient conditions for the case where
the tanker stands still and all workers are charged at the tanker
location.

Lemma 2: If Zle w; < wy, then pf =1y = py = for all i.
If the inequality is strict, then this solution is unique.

Proof: Let C, =" w;|r? —po| be the cost of a
complete tanker absorbed solution, and C(pi,p2,...,pr) =
S (wi||r? = pil| 4 wolps — pi—1]) denote the cost of an al-
ternative solution. We will show that for all values of p;,7 =
1,...,k,inequality AC = C, — C(p1,...,pr) < 0 holds:

k
AC =Y wi(r? = poll = I = i)

i=1
k

— Wy Z lpi — pi—1|| (triangle inequality)
i—1

k k
< sz‘,Hpi —poll —wo Z i = pi-al
i=1

i=1

(let||p; — poll = max; {|[pi — poll}))

k j
< Zwi”pj —poll —wo Z lpi — pi-1]]
i=1 i=1

(series of triangle inequalities)

k
< sz‘,Hpj = poll = wollp; — poll <0.
i=1
The case with strict inequality is argued similarly. |

B. Related Work

The ordered frugal feeding problem can be addressed as a
specific case of the continuous multiple facility location prob-
lem [4], where points 7,7, ..., 70 serve as the existing facil-
ities, points p1, . .

., pn are new facilities, and the costs are set
appropriately.

A variety of numerical methods exist for tackling this gen-
eralized problem. However, these numerical methods typically

IEEE TRANSACTIONS ON ROBOTICS

require centralized computation and do not scale well. The main
contribution of this paper is introducing a simple and provably
correct scalable decentralized heuristic that is observed to pro-
duce multipoint rendezvous with locomotion cost close to that
of an optimal ordered frugal feeding solution in a number of
realistic experimental settings.

The Weiszfeld algorithm [5] serves as a basis to many con-
tinuous multiple facility location problem algorithms (see [4]
for a thorough review). Li [6] improves the slow convergence
order of the Weiszfeld algorithm and identifies good conver-
gence properties that hold in nondegenerate cases. Projected
direction methods [7] offer an alternative to the Weiszfeld ap-
proach; however, they are arguably less suitable for large-scale
computation [6]. Most of the parallel methods for facility lo-
cation problems focus on discrete cases. However, Rosen and
Xue [8] offer a parallel algorithm for continuous single facility
location problem. The theoretical foundation for parallelization
of gradient-like algorithms is given in [9].

Related robotics research includes studies of single-point ren-
dezvous problems. Usually authors consider the setting where
robots have incomplete information about locations of each
other that makes it difficult to coordinate and agree on a single
meeting point [10]-[13]. For example, Ando et al. [14] describe
and prove the correctness of a distributed rendezvous algorithm
for robots with limited visibility. Lanthier et al. [15] present
an algorithm for finding the meeting point that minimizes the
maximum individual travel costs to a single meeting point on a
weighted terrain. Smith et al. [16] describe a scheme that makes
the convergence process more organized in a certain mathemat-
ical sense.

In our previous work, we have described a distributed heuris-
tic for a simple single-point rendezvous that minimizes total
locomotion costs [17]. For the ordered frugal feeding problem,
we have given two custom numerical algorithms that give ap-
proximate solutions, as well as a complete polytime discrete
solution for the case when meeting points are restricted to a
fixed set of locations and arbitrary locomotion cost functions in
(1) [18]. The same paper also describes a general frugal feeding
problem where the order of recharging is not fixed and is also
subject to optimization. Reduction from the Euclidean traveling
salesman problem (ETSP) to general frugal feeding problem
shows that the finding optimal charging order is NP-hard [18].
This reduction does not imply that ETSP tour offers a good ap-
proximation to the solution to frugal feeding problem or even to
the combinatorial part of the latter.

II. DISTRIBUTED HEURISTIC FOR THE ORDERED FRUGAL
FEEDING PROBLEM

A. Algorithm

We present a method whereby a simple controller, running
in parallel on each robot, causes the robots to achieve low-cost
multipoint rendezvous thus approximating the solution to the
ordered frugal feeding problem. The method is scalable, in that
both the total computation time and time to task completion
are linear in the population size. Importantly, the per-robot,
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per-time-step cost is constant, so the method works for arbitrary
population sizes.

This algorithm requires every worker to know its own weight
and the tanker weight, whether or not it is the head of the
current charging queue, and the direction toward the next
worker in the queue and the previous worker (or tanker if the
robot is at the head of the queue). The tanker needs to know
its own weight, the weights of the first two robots in the queue
and the directions toward them. As a robot is met and charged,
it is removed from the queue, and this update is broadcast to
all robots. All robots have first-order dynamic control. The
algorithm is described and analyzed in discrete time but can be
reformulated for continuous time.

We define a meeting as the event when robots come within
distance s of each other. We denote the current location of robot
1as ;.

Algorithm 1 Distributed Heuristic
1: 1+ 1

2 define d(z,y) = (y — z)/[lz — vl

3: while i <k do

4 if ||rg — r4]| < s then

5: tanker charges worker 4; ¢ «— ¢+ 1

6: next iteration

7. if i = k (only one robot in queue) then

8: the lighter of robots 0 and n goes towards the other

9: end

10: for all j € {0,_2;,2' +1,..., ki do {in parallel}
wid(ro, Ti) + ’LU()d(T(), 7"2'4_1)7 if j =0

11 D; « wo(d(ri, ro) + d{ri, 1)), lf] =1
wo(d(rj,rj—1) +d(rj,riq1)), ifi<j<k
woci(rk,rk_l), ifj=k

12: if | D;|| < w; then

13: robot j stops

14: else

15: robot j proceeds in the direction 13]-

B. Proof of Correctness and Run Time Bounds

This approach is based on the embodied approximation phi-
losophy described in [19]. Instead of operating with the model
of the world and searching for the complete solution, each robot
uses the position of itself, its queue predecessor and successor
as the current approximation to the solution points. Every robot
tries to improve the global solution quality by moving in the
direction that decreases the part of the total cost function that
concerns itself and its neighbors. If the robot finds itself located
at the minimizing point for the current local configuration of
robots, the robot stops. More formally, robots O (the tanker)
and 1 (the next robot to be charged) move along the approxi-
mated antigradient of the cost function g(p1) = wy||ro — p1|| +
wollp1 — p2|| + w1 ||p1 — 71| using the current position of robot
2 as an approximation to the unknown solution point p,. The
rest of the robots j,j = 2, ...,k move along the approximated
antigradient of the cost functions f;(p;) = wollp; — pj—1ll +
wol|lpj — pj+1ll +w;llr; — p;|l using 7j_1, rj;1 as approxima-
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Fig. 1. Frugal feeding heuristic correctness proof. r( is the tanker robot, r

is the worker robot the tanker should meet next, ro is the worker robot to meet
after 1. (a) Robots and their direction vectors. (b) Tanker rp moves to point
x, worker 71 stops. (c¢) Tanker o moves to point x, and worker 1 moves to
point y.

tions for the unknown solution points p; 1, p; 1. Parallel com-
putation of movement directions in step 11 and simultaneous
movement of all robots in steps 12—15 provides the scalability
of this algorithm. Unlike the single-point rendezvous heuristic
described in [17], here the robot needs to know the direction to
only two other robots to calculate its movement direction.

Later we prove that Algorithm 1 is correct and all of the
workers are eventually charged. To do this, we bound the time
required for the tanker to meet the first worker in the queue. Since
the workers are removed from the queue after being charged, the
same bound will apply consecutively to every worker becoming
a head of the charging queue.

Theorem 1: For any initial locations r?, j=0,...,k and
meeting range s if robots 0, 1 recalculate their movement di-
rection 5j every time they travel distance € < s/2, then after at
most [4]|r] — r{||?/(e(s — 2¢))] iterations, robots 0 and 1 will
meet.

Proof: Consider the situation depicted in Fig. 1. We need to
show that after robots 0 and 1 stop or move some distance €
along the directions Dy and D, as prescribed by the algorithm,
distance ||y — r1|| decreases significantly enough that in a finite
time this distance is smaller than meeting range s. The proof
proceeds in four steps. First, we show that 0 and 1 will never
satisfy their stopping conditions simultaneously before meeting,
i.e., at least one of them moves. Second, we bound the decrease
of the distance in one iteration in case when 0 stops and 1 moves.
Then, we do the same for the case when 0 moves and 1 stops.
Finally, we bound the decrease of distance for the case when
both 0 and 1 move.

First, we establish the conditions for 0 and 1 to
stop. /rorgry =« and  /Zrorirg = 3. Norms of direc-
tion vectors || Dy |2 = w? 4+ w2 + 2wywocos o and || Dy =
2w (1 + cos 3). Robot 0 stops when || Dy < wo, or w? +
wg + 2wiwgcos v <w }, which, given positive weights,
simplifies to

wy + 2wpcos a < 0 (stopping conditions for ).  (4)

Authorized licensed use limited to: SIMON FRASER UNIVERSITY. Downloaded on November 20, 2008 at 16:46 from IEEE Xplore. Restrictions apply.



This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.

Similarly, for robot 1, the stopping conditions are ||131 || < wn

2w (14 cos ) < w? (stopping conditions for r1).

&)

Note that since wy and w; are positive, (4) implies « > 7/2.

1y

2)

3)

Both robots stop: Substituting w? < 4w?cos’a from (4)
into (5) and simplifying gives

(1 + cos B) < 2 cosa. (6)

Asf <71 —a,anda > /2, wehave ||cos B|| > ||cos .
Plugging this into (6) and simplifying gives

2 cos?ff —cos B —1> 0. @)

Solving this for cos 3, we get cos (3 € (—oo,—1/2) U
(1, 00), whichmeans 8 > 57/6.Since v > 7/2, o« + 3 >
m, which violates the triangle sum of angles property.
Thus, the system of inequalities (4) and (5) has no
valid solutions. This means robots 0 and 1 cannot stop
simultaneously.

0 stops, 1 moves: Initially, the distance between robots is
It = ||ro — 71]|- After 1 moves to point z traveling e, the
distance between robots becomes ;11 = |19 — z||. Note
that D, always bisects /3.

Using law of cosines, 17, =17 + €* — 2l,ecos 3/2.
Since I, > s and 3/2 < w/4 (because « > m/2), the fol-
lowing is valid:

o <l +€ —2ley2/2

<B4 —\2he<l?+ e —\/2es. 8)

This allows to bound the decrease in the squared distance
between robots in one iteration as

=17, >e(v/2s—e). ©)

0 moves, 1 stops: This situation is illustrated by Fig. 1.
Here, tanker 0 moves to point x, decreasing the distance
to the worker from l; = ||rg — r1]| to li11 = ||r1 — ||
The distance tanker travels is € = ||@ — 7¢]|. By the law of
cosines

2., =12+ —2€; cos 7. (10)

To bound ~, we apply the law of sines, wy/siny =
wy / sin(a — 7). Starting with wy sin(a — v) = wy siny
and doing trigonometric transformations, we derive

wp sin «

tany = (11)

W + Wp cos o
Since 8 <7 — «,cos 8 > cos(m — ). This inequality
can be plugged into stopping condition (5) to get 2w (1 +
cos(m — a)) < w}. The latter simplifies to cos o >
(2w3 — w?)/2w3. Plugging this into (11) and using w; <
2wg, we obtain

t < wo sin «
an -y
wy + [(2wg — w?) /2w
2w} 2w}

A

=1. (12
2wyw +2w3 —wi ~ wi+2wi—w? 12)

4)
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This implies v € [0, 7/4]. We use this bound with (10)
to arrive at the same bound on squared distance as (8)
describes. Thus, the bound (9) applies for this case as
well.

Both robots move: Fig. 1(c) shows robot 0 moving to point
z and robot 1 moving to point y. The distance between

robots changes from I; = ||rg — r1]| to li+1 = ||z — y||
Both robots move equal distance ||z — ry|| = ||y — 1| =
€. We will use additional notation ¢ = ||O — r¢|| and b =
10 =]

Using law of cosines

Foo=(@—e*+(b—e€?—2(a—e)(b—¢€)coss
=12 +2¢(1 —cosd)(e —a— D). (13)

We start by bounding 4. Note that v+ 3/2+ 4 = 7.
From (4) follows that O moves only when
wy + 2wgcosa > 0.  Given positive  weights, if
cosa >0, then w; +wgcosa>0. If cosa <0,
then wy + wp cos a = w; — wyl| cos af] > wy —
2wy|| cos af| = wy 4 2wy cos a > 0 (again, given pos-
itive weights). Thus, we can use w; + wy cosa > 0 in
(11) to get tan~y > 0. Thus, if o moves, v € [0, 7/2].
Now, consider two cases. First, if > 7/2, then
v+ 8/2 < — 3/2, which implies § > 7/4. Second, if
B<m/2,7+B/2 <w/2+ m/4. In this case, § > 7/4.
Thus, we bounded §, and

2
1—cos6>1—\/7. (14)

Now, we need to bound ¢ — a — b. Applying the law of
sines, we get [, /sind = b/ siny = a/sin(3/2). Thus

li(sin~ + sin(8/2))

sin &

s(siny + sin(5/2))
sin §
sin~y + sin(3/2)
sin(y + 3/2)
2sin[(2y + B)/4] cos [(27 — B) /4]
2sin [(2y + B3)/4] cos [(2y + 8)/4]
cosl(29-5)/4
cos((2v+03)/4]
-0 )
4

e—a—b=¢—

<€—

Sefscos(

= e—s(cos(y/2) cos(3/4)+ sin(y/2) sin(3/4))
< e —scos(y/2) cos(B/4)

<e—(V2/2)%s =€~ g (15)
Combining (13)—(15), we bound the decrease in squared
distance

S

B2, > (2- ¢2)e(§ - e) > g(g 76). (16)
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TABLEI The best approximation is achieved when all robots have

STATISTICS OF APPROXIMATION FACTOR BOUNDS identical weights. The results show increasing variation of the

w; =1 | w; ~U[L,3) | w; ~ U[L, 100] approximation factor bounds with increasing variation in robot

Mean L.19 1.22 1.31 weights. This is due to the method’s use of only local informa-
Median 1.19 1.20 1.25 ti bout neichbori bots in th d T

Standard deviation 0.03 008 023 ion about neighboring robots in the rendezvous queue. To see

Skewness 0.67 118 127 this, consider a queue of three workers to be met, with weights

Kurtosis 0.65 1.65 31.82 [1,1,10]. The tanker will not consider the third worker until it

Comparing (9) and (16), we see that the latter is more
conservative estimate of the squared distance decrease.
Thus, if the initial distance between robots is L, the up-
per bound on the number of steps needed to meet is
[4L2/(e(s — 2€))]. ]
Corollary 1: Consider any initial locations 7"?, 7=0,...k,
meeting distance s and assume that charging occurs simul-
taneously. If robots recalculate their movement direction ﬁj
every time they travel distance € < s/2, then after at most
[k(4max; j[|r]) —rY]*)/e(s — 2€)] iterations, all workers will
be charged.

III. EXPERIMENTS

Having shown that the method succeeds in bounded time, we
seek to evaluate the quality of the solutions it generates. This is
complicated because 1) the continuous problem has no known
closed-form solution, and 2) no quality bounds are available for
numerical approximation approaches. However, we can obtain
optimal solutions for the discrete version of the problem [18],
and we can provide an upper bound on the cost introduced by
the discretization. So our empirical evaluation procedure is as
follows: 1) Generate a set of robot weights and start positions
within a bounding rectangle. 2) Find the cost of the optimal
solution to the corresponding discretized problem, where robot
start positions are quantized to a regular grid within the bounding
rectangle. A lower bound on the cost of the optimal continuous
solution is given by subtracting from this the maximum possible
additional cost due to discretization. 3) Find the upper bound
of approximation factor by dividing the frugal feeding heuristic
cost by the lower bound of optimal cost.

Applying this methodology, we performed 3000 simulations
running the frugal feeding heuristic on randomly generated in-
stances of the problem, with initial robot locations drawn from
the same uniform distribution, and three different uniform dis-
tributions of weights, with 1000 experiments for each weight
distribution. In each experiment, ten randomly weighted worker
robots and a tanker were placed at random locations in an square
arena with 20 m sides. A meeting range of 0.1 m and a move-
ment step length of 0.01 m were set. The path traveled by each
robot was recorded, and its length was multiplied by the robot’s
weight, then summed for the population to give the total energy
spent on performing the rendezvous. The arena was discretized
using a 40 x 40 grid, giving a resolution of 0.5 x 0.5 m.

Table I reports the statistics of these approximation factor
bounds for each distribution. For example, in the setting where
all robots have weight of 1, we observed that the frugal feeding
heuristic solution cost is on average no worse than 1.19 times
the best possible solution.

has met the first, so the tanker may move suboptimally away
from the high-weight robot at first. The approximation factor
can be made arbitrarily bad by increasing the weight of the
tanker and the third worker.

As the support of the weight distribution expands, the prob-
ability of this effect increases. Hence, the tail of the approx-
imation factor distribution becomes more fat and the kurtosis
increases. However, most of the probability remains concen-
trated around good approximations; hence, the skewness of the
distribution also grows and the mean does not increase much.

If we know in advance that motion weights are likely to
vary widely, this effect can be reduced (but not eliminated)
by increasing the number of neighboring robots considered by
the tanker and/or workers, with a corresponding constant factor
increase in computation, sensing, and communication cost.

Summarizing, the average quality of approximated solutions
for uniformly distributed problem appears very good. There-
fore, the method could be used where the guaranteed quality of
results obtained in a nonscalable centralized manner should be
sacrificed in favor of a simple decentralized scalable solution
with good average performance.

IV. CONCLUSION

In this paper, we considered the natural optimization problem
of finding an energy-efficient simultaneous motion plan for a
heterogeneous robot system where a single service robot needs
to meet a number of worker robots in a specified order: the
ordered frugal feeding problem. We presented the frugal feeding
heuristic that exploits embodiment and the natural parallelism of
the robot system to achieve high-quality approximated solutions
in arbitrary population sizes with trivial computation per-robot
per-time step and using information that should be feasible to
obtain in practice. We established the correctness of the method
by bounding convergence time and gathered empirical evidence
of its average solution quality by experiment.

This paper can be extended in several directions. The defini-
tion of the problem can be amended to include multiple tankers,
adding an interesting coordination challenge. Also of interest are
more complex cost functions, particularly those involving time
constraints, joint time-and-energy constraints, and the dynamics
of the robots. A challenging extension is to find good solutions
to the general frugal feeding problem, including the order of
robot meetings. Finally, it would be useful to evaluate the frugal
feeding heuristic in dynamic and uncertain environments.
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