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Abstract— We propose a novel method for non-uniform
terrain coverage using Unmanned aerial vehicles (UAVs). The ex-
isting methods for coverage path planning consider a uniformly
interesting target area and hence all the regions are covered
with high resolution. However in many real world applications
items of interest are not uniformly distributed but form patches
of locally high interest. Therefore, with sparse sampling of
uninteresting sections of the environment and high resolution
sampling of interesting patches, the trajectory of the robot can
become shorter. In this paper, we present a novel coverage
strategy based on Space-Filling Curves that can accomplish
non-uniform coverage of regions in the target area. Simulations
and real robot experiments indicate that with the new strategy,
travel time / cost of the task can be (almost) always less than
a regular ‘lawnmower’ coverage pattern.

I. INTRODUCTION

Equipped with a light-weight camera, a UAV can be
used to fly a path, while recording images, so that all the
regions in the area of interest are covered. This coverage
task is encountered in applications such as agriculture [1],
surveillance [2] and vegetation monitoring [3]. We recently
proposed a method that uses a coverage tree structure and
traversal strategies that accommodate non-uniform coverage
of different sections of the environment and demonstrated
its advantages over a regular uniform method [4]. If the
environment is uniformly interesting, a coverage pattern
of parallel stripes, i.e. the ‘Lawnmower’ pattern, provides
optimal coverage. However, in many applications, as a result
of non-uniformity in the environment, different parts of the
target area can be covered with different resolutions, for
example, by flying at different altitudes. This may allow the
path planner to produce shorter paths due to the fact that
the sensor footprint sweeps a bigger area as the distance
between the sensor and the target surface increases [5]. In
many real-world applications the distribution of interesting
sub-areas is not known in advance. But we may be able to
use the partial map collected online to classify a section as
possibly interesting or uninteresting. At high altitude we can
decide whether there is a need to cover a sub-region from
closer viewpoints or not. Our previously proposed method
was more efficient than Lawnmower when the percentage of
interesting area was less than a threshold (about 50%) [4].

In this work, we propose a new online traversal of the
coverage tree based on the Hilbert space filling curve that
improves the performance of the method through enhanc-
ing the local coverage plans and exploiting locality of the
interesting regions. The new method out-performs all the
previous strategies. It is also shown that with some distri-

Fig. 1: Non-uniform coverage with real UAVs. Interesting
regions (bottom right of the left figure) are covered with
higher sensor resolutions than uninteresting area.

butions of interesting regions, our method generates shorter
coverage paths compared to the regular Lawnmower pattern,
independent of the total interesting area size. Simulation ex-
periments and real robot experiments were used to compare
the efficiency of the proposed approach.

II. RELATED WORK

UAVs have been used for aerial imaging in many projects.
A single quad-rotor is used in [6] to cover an irregular
area. The user specifies the requirements (such as resolution,
image overlapping, etc.) for the images and the target area
and the system plans and executes a coverage path. In
[1] multiple UAVs are used to take georeferenced images
of farm land. In order to create a full map of the area
using image mosaicking techniques, grid-based coverage
path planning was used to fully cover the target area [7].
Polygon decomposition is used in [8] to allocate members
of a UAV team to different sub-regions based on individual
capabilities. For each sub-region, the sweeping direction of
the lawnmower pattern is selected to minimize the number of
turns. Unmanned helicopters were used in [9] for automatic
crop dusting. Simple back-and-forth motions are used to
cover segments of the field after decomposition. A team of
hex-rotors is used in [10] to take high quality images from
farm fields by visiting a predefined set of waypoints. The
images are then used by agricultural experts to locate weed
pods.

Seabed coverage using an autonomous under-water vehicle
(AUV), which resembles aerial coverage with UAVs, has also
been studied in recent years. In [11], an AUV is used to
map and visualize a large region of seafloor using the high-
resolution images captured by the camera on the robot. The



high cost of movement in the vertical axis is considered in
[12] to generate coverage paths for non-planar regions of
seafloor. Galceran et. al. in [5], noticed that in lawnmower-
like seafloor coverage, an AUV that stays at a constant depth,
will lead to undesirable coverage overlap among the back-
and-forth laps caused by the change in seafloor height. To al-
leviate this problem, they segmented the area into regions of
constant height and generated lawnmower sweeping patterns
with different inter-lap spacing and sweeping direction. Their
simulations showed that the generated coverage paths were
shorter than those of previous methods. The idea of covering
the regions of interest is also present in [13]. However,
the interesting regions are extracted offline from previous
lawnmower-like surveys, in contrast to our approach which
is online with no prior survey.

A recent review of coverage path planning in general can
be found in [14]. Many approaches generate coverage paths
by decomposing the target area (with possible obstacles) into
simple convex regions and generating simple lawnmower-
like paths to sweep each region. In [15], multi-robot cov-
erage in terrains with non-uniform traversability is studied.
Uniform coverage of structures with complex topology is
studied in [16] motivated by automotive spray painting.

III. NON-UNIFORM COVERAGE

As mentioned earlier, we achieve non-uniform coverage by
using the tree structure we proposed in [4]. In this tree each
node covers a section of the area with a specific resolution.
The resolution increases as one traverses down the tree so
that a region covered by a parent node is completely covered
by its children nodes with some higher resolution. The UAV
can visit the tree nodes (based on the strategy presented
in section III-B) which satisfy the resolution requirements,
i.e. it needs to visit the leaf nodes (highest resolution) only
in interesting regions. Therefore the robot travels in the
environment visiting nodes at different depths of the tree
in order to accomplish the coverage task. Here, in order to
minimize the redundancy in coverage and hence reduce the
overall trajectory length, we need a systematic ordering 7 of
the nodes at each level so that two nodes appearing beside
each other in 7 cover neighbour grid cells. This ordering
is imposed on the nodes by the Hilbert curve as will be
discussed in section III-B. We exploit the locality preserving
feature of the Hilbert curve and introduce some opportunistic
behaviours that improve the efficiency of coverage plans.

The next section reviews the coverage tree structure
briefly. Then in section III-B we present our Hilbert-based
coverage path planner in details.

A. COVERAGE TREE

Let us assume that the target area A is m X m meters
and free of obstacles. Also, for simplicity, assume that the
sensor direction is perpendicular to the ground and the shape
of the sensor footprint is a square with length of [(h) where
h is the distance of the sensor to the ground. The coverage
tree embedded in the metric space is recursively created as
follows:

i The root of the tree R, is located at the center of A with
a height of hg = [7!(m) (where [71(.) is the inverse
of the function [(.)), i.e. the sensor footprint covers A at
the root node.

ii Let h,, and A, be the height of node n and the area
covered by the sensor at node n respectively. Then, for
a branching factor' b > 2, A, is decomposed into a
b x b grid with cells of length [, = @ and therefore
he = 17*(l.). For some threshold hy, if h. > h; then
there is a node for each grid cell, with node n as parent,
at the center of the cell and with height A, i.e. the sensor
covers the grid cell at the child node (see Figure 4a).

Note that no nodes with a height less than a threshold
h; exist in the tree. The parameter h; determines the lowest
height at which the sensor can sufficiently cover a region
at the finest resolution. Therefore regular path planners for
area coverage use this height to produce a lawnmower pattern
(assuming no obstacles in the area) to sweep the whole area.
This simple pattern is equivalent to visiting all the leaf nodes
of the coverage tree in an order that yields the minimum path
length.

Here it is assumed that if the sensor footprint at node 7 is
decomposed into a b x b grid, we are able to classify each
cell (child node of n) as uninteresting or possibly interesting.
In [4] we proposed the following strategies to traverse a
coverage tree:

o Depth-First (DF): In the DF strategy the UAV starts
performing the lawnmower trajectory at depth 1 of the
tree. When visiting each node, the robot descends to the
next depth to visit all interesting children (if any). This
behaviour is repeated recursively upon visiting each
child node.

o Shortcut Heuristic (SH): This strategy is the same as
DF with one difference: Assume the UAV has visited a
node and the next node to visit, 1,,.,¢, is located at some
height above the current node. According to DF the
UAV flies directly to n,.,¢. However in SH, the UAV
visits the nearest descendant (1,,cqrest) Of Npert. NOW
there are two possible situations: 7n,,eqrest Was interest-
ing or it was uninteresting. In case it was interesting,
we recursively visit all other unvisited children of 7,,¢4:¢.
Note that we do not have to visit nyc.¢. Alternatively
if the child was uninteresting, the UAV visits the parent
of Nnearest-

For more detailed discussion on the coverage tree and the
described traversal strategies see [4].

B. HILBERT-BASED COVERAGE PATH PLANNING

The Hilbert curve, H, is a fractal space-filling curve shown
in Figure 2. The Hilbert curve of Nth order, denoted by Hy,
fills a grid of 2% x 2™V, It is a useful curve since it provides
a mapping between 1D and 2D (nD) spaces which preserves
locality adequately well [17]. Informally speaking it means
that a robot following a Hilbert trajectory stays close to the

' Branching factor is usually used to refer to the number of children of
each parent in a tree. However, here we use it to denote the parameter b.
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Fig. 2: Hilbert curves of 1st, 2nd and 3rd order.

Fig. 3: Coverage tree with Hilbert-based ordering of nodes
at each depth and its relationship to grids in different
resolutions

recent places that it has visited. This property exists in the
Hilbert curve of any order.

We use the Hilbert curve to impose an ordering on the
nodes at each level of the coverage tree. Note that H;
provides an ordering on the 2 x 2 grid which corresponds to
the nodes at depth 1 of the coverage tree when b = 2 (see
Figure 4a, 4b) 2 Similarly, H» and H3 impose an ordering
on nodes at depth 2 and 3 of the coverage tree (see Figure
4c, 4d). More generally, if b = 2°, H;xs can be used to
sequentialize the nodes of depth d. Therefore a coverage tree
can be seen as a tree with 1-D ordered nodes at each level
as shown in Figure 3.

Our approach to non-uniform coverage is to visit the nodes
based on H. Upon visiting an interesting node, we increase
the coverage resolution by descending to the next depth or
stay in the same depth of the tree. If the visited node was
uninteresting, the resolution of the coverage is decreased by
going one level up (decrease depth) in the tree. In either
case, we continue to visit the nodes based on the appropriate
Hilbert ordering. The intuition is that, when an interesting
region is observed, one can opportunistically assume that
the next node will also be interesting due to the locality
preserving feature of the Hilbert curve, i.e. if the interesting
region forms a big patch, with high chance, the next node
will remain in the patch and the overhead of visiting the
parent nodes is avoided.

Our proposed traversal strategy is formally presented in
Algorithm 1. It returns the next node that should be visited
by the UAV according to the current state of the tree.

In this algorithm, Children(n) returns the children of

2We define the top left end of the curve as start and the top right end as
the end of the curve.

Algorithm 1 Hilbert-based coverage path planning

1: Input: Last visited node n (null if none), coverage tree
T with the implicit order of the nodes.

2: Output: Next node that should be visited or null if the
traversal is finished.

3: if n = null then

return the first leaf of T’

4: end if

if Interesting(n) AND NeedVisit(Children(n))

then

6: n < first child of n

7. else if |Interesting(n) AND Depth(n) > 1 then

8

9

wn

: n < Parent(n)
: end if

10: if NeedVisit(n) then
return n

11: else if n is the last child of Parent(n) then

12: n < Parent(n)

13: Goto 5

14: else

15: if Next(n) <> null then

16: n < Next(n)

17: Go to 10

18: else
return null

19: end if

20: end if

node n and Parent(n) returns the parent of node n.
Depth(n) returns the depth of the tree at which node n ex-
ists. The function NeedVisit(n) returns true unless visiting
n is not necessary (note that NeedVisit(null) = false and
NeedVisit(leaf) = false if leaf has already been visited
or classified as not interesting). This is the case when there is
an ancestor node of n that is classified as uninteresting. Also,
when none of the children of node n needs to be visited then
NeedVisit(n) = false. This function is required to prune
out nodes that all their interesting descendant leaves have
been visited. Additionally, Nexzt(n) returns the next node of
the tree (or null if n is the last node) at the same depth of n
in the order imposed by Hpepin(n)- Finally, first (last) child
of a node is defined as the child node that appears first (last)
in the corresponding Hilbert ordering.

Using this algorithm, the traversal starts by visiting the
leaf node on the top left corner of the environment (lines
3-4 ). Upon visiting a node n, if it is interesting and at
least one of its children needs to be visited, it visits the
interesting children according to H (lines 5-6). In case the
node is uninteresting, it ascends to the parent node provided
that n is not at the maximum height (lines 7-8). Then, lines
10-20 make sure that we prune out the nodes that do not
need to be visited. Here, as the nodes are being skipped,
if the last child(ren) of a node is pruned (because it was
classified as uninteresting when visiting the parent node) we
go one level up to adhere to the general strategy. Figure 5
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Fig. 4: Coverage tree and Hilbert-based traversal of the nodes at each depth. Hy is used to impose ordering on nodes at

depth N.

shows such a situation. At the top left, the UAV prunes out
the 2 square when it visits the node marked by the triangle.
When the corresponding node of this super cell is skipped
the UAV goes one level up in the tree and hence takes the
route indicated by circles (which is a jump from depth 4 to
depth 2). Note that we are always progressing in the Hilbert
curves at any depth and we visit each node at most once.
Therefore our algorithm terminates at some point.

Let us assume that the number of grid cells at the finest
resolution (leaves of the coverage tree) is k. The creation of
the tree at the start of the mission takes O(k?). The memory
space of each node in the tree is constant which leads to
O(k?) total memory consumption. At each waypoint, the
quadrants of the sensed image are classified as being interest-
ing or uninteresting (O(1)). Then, Algorithm 1 is executed,
iterating over some nodes to find the next goal waypoint.
At each iteration of the loop NeedVisit(n) is the most
expensive operation. It needs traversing to an ancestor node
(O(log(k))) or calling NeedVisit() on each child (O(k?)).
Note that traversing up to find an uninteresting ancestor is
executed only in the first call of NeedVisit(n) and not in
the recursive calls. This is because NeedVisit() checks all
the descendants from top of the subtree to the bottom and
consequently the uninteresting ancestor is found either in the
first call of NeedVisit(n) or in the recursive calls before
its descendants. The loop runs at most for O(log(k)) since
at each iteration we go to the parent node (either directly
or after iterating over all the 4 children) or have started a
sequence of descending moves which ends in an unvisited
interesting leaf node. Therefore the computational cost of the
planning at each waypoint is in the order of O(k*log(k))
(which is O(Klog(K'/?)) where K is the number of nodes
in the tree). Note that this complexity is the worst case
scenario in an abstract situation. In a concrete case, the loop
runs very few times until the next goal is found.

The next section provides the evaluation of this algorithm
along with some discussions.

IV. EXPERIMENTS AND RESULTS

We performed experiments both in simulation and out-
doors with real quadrotor. In simulations, various configu-
rations of interesting patches is randomly generated from
known distributions and used to evaluate our method. Using
a real quadrotor, we carried out a few validation trials in

noaA=
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Fig. 5: Final coverage plan in simulation. The color of the
trajectory changes with height (green, blue, red and yellow
corresponds to depth 4, 3, 2, 1 respectively). The area marked
by light red is pruned out when the UAV ascends to visit the

nodes indicated by diamonds.(must be seen in color or on
screen)

which some frisbees were spread out on the grass to form
an interesting region.

A. SIMULATIONS

In these experiments 128 x 128 m? area, free of obstacles,
is considered. The simulated UAV is equipped with a sensor
pointing downwards with I(h) = h, i.e., a field-of-view of
90°. In order to generate many different configurations of
interesting patches, we introduce two parameters to represent
a distribution of interesting regions: p, the percentage of
the whole area that is interesting and ¢, the number of
interesting segments. We assume that the interesting regions
are rectangles (of any form) but have the same size. For
instance, (40, 3) refers to all environment configurations in
which 40% of the whole area is interesting and in form
of 3 rectangles with equal area. For each pair of (p,c),
p € {10,..,90} and ¢ € {1,..,4}, 10 random environments
are generated and the four strategies (H, DF, SH, lawnmower)
are used to cover the area. For the traversal strategies we use
b =2, lnae = 1 and coverage tree with maximum depth of
5. For each strategy, the average of the total distance that the
robot travelled is used as a performance metric. The results
are shown in Figure 6. In all experiments the variance was
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Fig. 6: Results of the simulation experiments with different area of interesting regions and patch numbers. The variance of
the total trajectory length is less than 192 meters in all the configurations.
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Fig. 7: The ratio of displacement along Z-axis to the total
length of the trajectory in environments with different num-
ber of patches.

below 192 m (the error bars are very small and difficult to
see in the figures).

The graphs indicate that our new Hilbert based traversal
of the coverage tree outperforms Depth-First and Shortcut
strategies in all the tested configurations of the environment.
Moreover, the cost of the Lawnmower pattern which is
independent of interestingness, is almost always higher than
our approach. Consequently, if the estimated distribution of
interesting regions falls in the wide range of the tested con-
figurations, using our method, one can perform the coverage
task in shorter time compared to Lawnmower.

In the Hilbert-based traversal of nodes at a specific depth,
the UAV flies from one node to the other while observing
grid cell neighbouring criteria, i.e. it moves from a grid cell
to one of its 4 (2 or 3 if on the grid boundary) neighbours.
This means that the local coverage paths at one tree level is
optimal in terms of path length. Similarly, in the sequence
of nodes that Algorithm 1 generates, when the UAV ascends
from node n to n/, n’ is either the parent of n or a sibling
of an ancestor of m. Therefore the neighbouring criteria
is held at all the levels of the tree. On the contrary, in
previously proposed strategies i.e. Depth-First and Shortcut,
no such criteria was imposed and a constant ordering among
the children nodes was used which was not optimal at
different levels. The other property of our new approach
is that it exploits the patchiness of interesting regions by

travelling between nodes while preserving locality. Both
Shortcut and Hilbert-based traversal opportunistically visit an
unclassified neighbour of the current interesting grid cell to
avoid visiting nodes at higher levels while still being in that
interesting section of the environment. However, the Hilbert
curve exhibits high locality and as a result the UAV exits
the interesting regions very few times, compared to greedy
Shortcut. Figure 5 demonstrates how Hilbert curve covers
two interesting patches with few crossings of the boundary
of the patches.

Figure 7 depicts the ratio of mean motion along Z-axis
to the mean of trajectory length. It implies that with low
total interesting area, the UAV tends to visit nodes at lower
depth of the tree (high altitude). This is due to the fact that
uninteresting regions cause the UAV to ascend in the tree,
and those sections are consequently sampled sparsely (by
pruning out all their uninteresting children nodes). In cases
where most of the area is interesting the vehicle stays at leaf
level as is suggested by the graph. Moreover, with a single
interesting patch in the area it will be more likely that a node
at high altitude (low tree depth) is uninteresting compared
to the situation where multiple patches (with the same total
interesting area as one patch) exist. Hence, in the former
situation larger uninteresting segments can be pruned out at
once with a series of successive single ascending.

B. REAL ROBOT EXPERIMENTS

We also performed some experiments in outdoor envi-
ronment using a Pelican quadrotor from Ascending Tech-
nologies. GPS is used to estimate the robot position which
is then fed into a PID controller to generate the required
velocity commands. The task was to cover an area of 30 x 30
m2. A number of frisbees was spread out in the area
forming a single patch that occupied about 31% of the target
environment as shown in Figure 9 with a yellow polygon.
Using a gimbal mounted colored camera with 90° field-of-
view, we detect frisbees from different heights (Figure 9). A
query region in an image with non-empty intersection with a
frisbee is classified as interesting. Due to light changes and
other sources of noise, there are false positives in frisbees
detection. The experiment was repeated 6 times performing
Lawnmower-based coverage and 8 times with our proposed
method. The results are shown in Figure 8. In this figure,
we report the length of the UAV trajectory along with the
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Fig. 8: Results of the experiments with real UAV. The
performance of the Lawnmower pattern is shown in terms
of mean and variance of 6 trials. The performance of our
method in each trial is reported individually.

overall ratio of perceived interesting cells, i.e. false positives
plus true positives.

The mean and variance of the Lawnmower performance
are shown in pink. The shaded part indicates the possible
performance of Lawnmower with different interestingness
ratio of the environment. The variance of the Lawnmower
trajectory indicates the amount of noise in the position
estimation and control of the robot. Despite that, it can be
observed that for situations where the perceived interesting-
ness is below 50% our method generates a shorter trajectory,
except in one trial (indicated by a dashed circle). In that trial
false positive interesting middle nodes which were apart from
each other led to longer trajectory.

Note that as the width m (length) of the target area
increases, the length of the Lawnmower coverage pattern
grows with O(m?). On the other hand with our approach, the
length of a trajectory that ascends up to eliminate (classify
as uninteresting) a node N will be of O(m’) where m/ is
the width (length) of Apuene(n) (sensed area at the parent
node of N). This can be seen on the bottom right of the
Figure 5 where, traveling from the leaf node to its ancestor
at depth 1, prunes out (at least) i of Apqrent(n)- Therefore
as the size of the area grows the performance benefits of
traveling to higher nodes will be larger and the difference
between Lawnmower and Hilbert-based coverage becomes
more clear. Due to lack of suitable flying sites, we could not
perform the outdoor experiments in a larger environment and
left it for future work.

V. LIMITATIONS AND FUTURE WORK

One of the limitations of our Hilbert-based approach
to non-uniform coverage is that it performs poorly when
interesting cells form a uniform distribution. For example
in a checkerboard-like environment, many of the described
opportunistic visits will be useless. In such situations, it is
reasonable to assume that the whole area is interesting and
perform a uniform coverage.

Classified

Fig. 9: The trajectory of the UAV in one of the trials. The
yellow line approximately shows the true interesting area
(best seen on screen).

Also, the assumption that the UAV should stop at each
waypoint in order to perform the sensing might not hold in
some situations. In that case, Lawnmower pattern has the
advantage of less acceleration than our method. Moreover,
although the amount of height changes in our method is low
compared to the total trajectory, the cost of ascending and de-
scending might be different than the cost of movement in the
x-y plane. Considering different energy consumption models
for these movements can be interesting future research.

VI. CONCLUSION

We proposed a novel method for online non-uniform
coverage of unknown terrains based on Hilbert space filling
curve. Our method can be used to provide aerial coverage
in larger areas compared to a regular Lawnmower pattern.
It achieves this by spending its battery charge to fly over
interesting regions and only sparsely sampling uninteresting
sections. Simulations show the method is effective in patchy
environments, and real-world trials verify that the benefits
can be seen even with imperfect sensing and control.
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